Introduction
In order to meet a growing population's demands for space, a lot of underground space has been developed. In urban areas, where many high buildings are supported by pileraft foundations, which are recognized as one of the most economical foundation systems, addressing the effect of underground development on these foundations is a key area of interest. In recent years, numerous subway tunnels have been constructed in cities, with many of them being constructed near existing pile-supported structures. In the interest of maintaining safety of existing buildings, estimating the impact of tunnelling on existing pile-raft foundations has become a key ingredient of tunnel designs.
Plenty of researchers have carried out studies of the tunnelling effect on adjacent piles through experimental methods [1] [2] [3] [4] , the finite-element method (FEM) [5] [6] [7] , and analytical approaches [8] [9] [10] [11] [12] . The two-stage method was proved to be the procedure that is most likely to be used in practice to calculate pile responses induced by tunnelling [8, [10] [11] [12] . Based on analytical solutions for a multilayered soil system, some authors extended the two-stage method from a homogeneous soil system to a layered soil system [13, 14] . Since then, most investigations concerned pile responses in the vertical or horizontal directions separately, while in practice vertical and horizontal responses occur simultaneously. As such, significant coupling effects of vertical and horizontal responses had previously been observed in a few papers [15] [16] [17] [18] . However, none of these results considered the combined response of a pile-raft foundation under "passive loads. "
In addition, the existing pile-raft foundations were always subjected to a working load; however the aforementioned methods tended to neglect the coupling effect between working and passive loads induced by tunnelling on a pileraft foundation. However, according to some experimental studies [19] , the influence of the working load is not 2 Mathematical Problems in Engineering negligible. Reference [20] presented a method to calculate the response of loaded pile groups induced by tunnelling that considered the influence of working loads; however raft-soil interaction, pile-soil surface interaction, and the coupled effect of vertical and horizontal responses were not considered in their method, where only the vertical working load was considered. However, pile-raft foundations are always subjected to horizontal loads, either a moment or load combined with a vertical load. A limited study regarding pileraft foundations subjected to combined loads was provided by [21] , which presented an analytical method to calculate the responses of a pile-raft foundation under a combined load. No investigation has yet been conducted, however, to investigate the response of a multidirectionally loaded pileraft foundation subjected to tunnelling. Thus, a practical method is urgently needed to evaluate the coupled responses of a pile-raft foundation induced by tunnelling that considers the influence of multidirectional working loads.
Considering the aforementioned problems associated with the existing two-stage method, a modified two-stage method is proposed in this paper. First, an empirical method is employed to calculate free-field soil movement in the absence of existence of piles. Secondly, we impose free-field soil deformations on the piles to calculate the responses of a pile-raft foundation by considering the coupled effect of vertical and horizontal responses and the influences of working loads on the raft.
Free-Field Soil Movement Induced by Tunnelling
Many approaches, including analytical methods [22, 23] , FEM [24] , and empirical methods [25] [26] [27] , have been presented to evaluate the free-field soil deformation induced by tunnelling. The analytical method proposed by [22] is widely recognized as one of the most important solutions for the problem [23, 27, 28] . And the empirical method proposed by [27] based on the analytical method [22] is proved to be the most useful method employed in practice [11, 13, 14, 20] . Thus, the closed form of the empirical solution of free-field soil deformation induced by tunnelling is employed in this study for its easy application in layered soils:
where is the horizontal movement of the free-field soil; is the vertical movement of the free-field soil; is the tunnel radius; 0 is the average ground-loss ratio which is defined as a percentage of the ratio of the surface settlement through volume and the tunnel volume per unit length; is the horizontal distance from the tunnel centerline; is the depth below the surface; is the depth of tunnel spring line; and V is the soil Poisson's ratio.
Analytical Method for Pile-Rafts
The typical problem of a tunnel that is constructed adjacent to an existing pile-raft foundation, which is then subjected to a vertical load, a horizontal load, and moment from the superstructure, is shown in Figure 1 . In order to evaluate the responses of the pile-raft foundation that is subjected to both active and passive loads induced by tunnelling, this section is organized as follows. In Section 3.1, a method for calculating the responses of a single pile induced by both active and passive loads in layered soils is established. In Section 3.2, the method is extended to a pile group, while, in Section 3.3, the pile-soil surface interaction and soil-soil interaction at the surface are defined. In Section 3.4, raft constraints are considered in order to establish a method for a pile-raft foundation that is subjected to both active and passive loads.
An Analytical Method for a Single Pile.
Assuming that slip and separation does not occur between the pile and the soil, the schematic diagram of a loaded single pile subjected to soil movement induced by tunnelling is shown in Figure 2 . Through the finite-difference method, the vertical and horizontal soil equilibrium equations can be expressed as follows:
where w 0 is the vertical nodal deformation vector of the pile; w 0 is the vector of the vertical free-field soil deformation induced by tunnelling; I 0 is the vertical soil flexibility matrix, which can be found in [13] for a layered soil system; q 0 is Mathematical Problems in Engineering the vertical nodal soil resistance force vector of the pile; u 0 is the horizontal nodal displacement vector of the pile; u 0 is the vector of the horizontal free-field soil deformation induced by tunnelling; I 0 is the horizontal soil flexibility matrix, which can be found in [14] for a layered soil system; and p 0 is the horizontal nodal soil resistance force vector of the pile.
The pile equilibrium equations can be expressed in matrix form as follows:
where 0 is the diameter of the pile; 0 is the elastic modulus of the pile; 0 is the length of the pile; 0 is the total number of elements along the pile; 0 is the moment of inertia of the pile; I 0 is the vertical pile flexibility matrix of the pile; I the two pile-tunnel systems shown in Figure 3 can be written as follows: Single-pile system Two-pile system The element in the th row and th column in the matrix I 12 ,
12
, , represents the vertical soil deformation at the th node of the soil around pile 1 caused by a unit vertical load acting on the th node of the soil around pile 2. Elements in matrices I 21 , I 12 , and I 21 are alike.
Employing the pile-pile interaction factors defined by the author in a previous paper [21] , and as shown in Figure 4 , the following pile-pile interactions can be obtained through (6):
where 12( ) and 12( ) are the horizontal deformations at the head of pile 1 when a unit horizontal load or a unit moment is applied to pile 2 in a two-pile system; 12( ) and 12( ) are the rotations at the head of pile 1 when a unit horizontal load or a unit moment is applied to pile 2 in a two-pile system; 12 is the vertical deformation at the head of pile 1 when a unit vertical load is applied to pile 2 in a twopile system; 22( ) and 22( ) are the horizontal deformations at the head of pile 2 when a unit horizontal load or a unit moment is applied to pile 2 in a two-pile system; 22( ) and 22( ) are the rotations at the head of pile 2 when a unit horizontal load or a unit moment is applied to pile 2 in a twopile system; 22 is the vertical deformation at the head of pile 2 when a unit vertical load is applied to pile 2 in a two-pile system; 2( ) and 2( ) are the horizontal deformations at the head of pile 2 when a unit horizontal load or a unit moment is applied to pile 2 in a single-pile system; 2( ) and 2( ) are the rotations at the head of pile 2 when a unit horizontal load or a unit moment is applied to pile 2 in a single-pile system; 2 is the vertical deformation at the head of pile 2 when a unit vertical load is applied to pile 2 in a singlepile system; 1( ) is the vertical deformation of pile 1 when pile 1 is subjected to free-field soil deformations induced by tunnelling without considering the existence of pile 2; 11( ) is the vertical deformation of the pile head of pile 1 when pile 1 and pile 2 are subjected to free-soil deformations induced by tunnelling. The definitions of the horizontal deformations,
, and 1( ) can be obtained from (8) and (9), while the other deformations mentioned in this paragraph can be obtained from (6).
Pile-Soil and Soil-Soil Interactions.
The vertical and horizontal equilibrium equations for the pile-soil surface system shown in Figure 5 can be written as follows:
where I and I are the vertical and horizontal soil-effect vectors between the pile and soil surface elements. The element in the th row in the vector I , , , represents the vertical soil movement at the th node of the soil around the pile caused by a unit vertical load acting on the surface of the soil element. The elements in the matrix I are alike. Thus, the following pile-soil surface interaction factors can be obtained through (8) and (9):
where ( ) is the vertical deformation of the soil surface element when a unit vertical load is acting on the head of the pile;
( ) is the horizontal deformation of the soil surface element when a unit horizontal load is acting on the head of the pile; ( ) is the horizontal deformation of the soil surface element when a unit moment is acting on the head of the pile;
( ) is the vertical deformation of the pile head when a unit vertical load is acting on the soil surface element;
( ) is the horizontal deformation of the pile head when a unit horizontal load is acting on the soil surface element;
is the rotation of the pile head when a unit horizontal load is acting on the soil surface element; ( ) is the vertical deformation of the soil surface element when a unit vertical load is acting on the soil surface element without considering the existence of the pile; ( ) is the vertical deformation of the soil surface element when a unit vertical load is acting on the soil surface element that considers the existence of the pile; ( ) is the horizontal deformation of the soil surface element when a unit horizontal load is acting on the soil surface element without considering the existence of the pile; ( ) is the horizontal deformation of the soil surface element when a unit horizontal load is acting on the soil surface element which considers the existence of the pile; ( ) is the vertical free-field soil deformation at the soil surface element without considering the pile, which can be obtained through (2); ( ) is the vertical deformation of the soil surface element induced by tunnelling that considers the existence of the pile; ( ) is the horizontal free-field soil deformation at the soil surface element without considering the pile, which can be obtained through (1); and ( ) is the horizontal deformation of the soil surface element induced by tunnelling that considers the existence of the pile. The superscripts " " and " " in (10)-(17) denote the th pile and the th soil surface element, respectively.
Using the solutions of the asymmetric problem in multilayered systems presented by Mu et al. [13] , we can now obtain the soil surface-soil surface interaction (shown in Figure 5 ) factors, and .
Pile-Raft Foundation.
Assuming that no separation occurs between the raft and the soil, the compatibility condition between the raft and the foundation, which includes the soil elements and piles shown in Figure 1 , can be summarized as follows: (1) the deformations of pile heads or of the soil surface elements are the same as the deformations of the corresponding elements of the raft and (2) the summations of the internal forces between the elements of the raft and the elements of the foundation, including piles and soil surface elements, are equal to the external loads acting on the raft. These can be written in equation form as follows:
where is the horizontal deformation of the th element induced by the internal force between the th element of the raft and the corresponding pile or soil surface element; is the horizontal deformation of the th element induced by tunnelling; is the rotation of the th element induced by the internal force between the th element of the raft and the corresponding pile or soil surface element;
is the rotation of the th element induced by tunnelling;
is the vertical deformation of the th element induced by the internal force between the th element of the raft and the corresponding pile or soil surface element;
is the vertical deformation of the th element induced by tunnelling; is the -coordinate of the th element; and , , and are the internal forces between the th element of the raft and the corresponding piles or soil surfaces.
Thus, the equilibrium equation for the pile-raft foundation-tunnel system can be written in matrix form as follows:
where
where A , B , C , and D are the pile-pile, pile-soil surface, soil surface-pile, and soil surface-soil surface interaction matrices, respectively.
Verification of Our Method
An APPR program was developed that was based on our proposed method. APPR is verified through comparisons with results from centrifuge test, other analytical methods, and finite-element method.
A Single Pile Subjected to Active and Passive Loads.
Reference [19] carried out a series of centrifuge tests to investigate the responses of loaded single piles induced by tunnelling. The length of the pile was 27 m, the diameter of the pile was 1.06 m, and the modulus and Poisson's ratio of the pile were 20 GPa and 0.3, respectively. The diameter of the tunnel was 6 m. Using the method proposed herein, we calculated a case where the depth of the tunnel spring line was 21 m, the ground-loss ratio was 1%, and the working load was 0 kN, 1600 kN, and 3200 kN, as shown in Figure 6 . According to [19] , when the working load was smaller than 6700 kN, the responses of the pile were nearly linear elastic, and when the settlement of the pile head reached 0.106 m, the load on the pile head was 6700 kN. Thus, using the optimization tool in MATLAB and (8), the soil modulus was found to be 4 MPa, and Poisson's ratio of the soil was found to be 0.4. The results are shown in Figure 7 . It can be seen that the calculated results agree well with the results from the centrifuge test, both with and without a working load acting on the pile.
A Pile-Raft Foundation Subjected to an Active Load.
Since no results have been published regarding the multidirectional responses of a pile-raft foundation subjected to both active and passive loads, APPR was first used to calculate the responses of the pile-raft foundation under pure active loads and pure passive loads separately to verified the ability of APPR to evaluate this problem. Then, APPR was used to calculate the responses of a multidirectionally loaded pile-raft foundation subjected to tunnelling and compared with results from FEM. As shown in Figure 8 , the pile-raft foundation was only subjected to an active load combined with a vertical load, a horizontal load, and a moment. In this case (1) where the loads were applied separately and (2) where the loads were applied simultaneously. The results were compared with the results from [21, 29] and FEM. It can be seen from Figure 9 , without considering the passive load, that the results from APPR are the same as the results from the method proposed by [21] when the loads were applied simultaneously. Moreover, the results from APRR also agree well with the results from [29] and FEM. 
A Pile-Raft Foundation Subjected to a Passive Load.
The raft-soil interaction was not considered in our analysis when the pile-raft foundation was only subjected to passive loads because the soil will always separate from the raft for a pileraft foundation subjected to pure passive load induced by tunnelling without considering the self-weights of the raft and the superstructure. In this case, 1 : 2 : 3 = 1 : 2 : 2, Figure 10 . The results from the APPR analysis agree well with the results from [8, 11] , except for those around the head of the piles. This may be due to the different treatments of raft-soil interaction. The internal force between the raft and the soil is a distributed force which is exactly reflected in the proposed method herein. Meanwhile the internal force is assumed to be a point force in [11] . Additionally, it can be shown that the deformation at the pile head will be overestimated, and the internal forces at the pile head will be underestimated, for a pile-raft foundation subjected to soil movement induced by tunnelling if the internal force between the raft and the soil is replaced with a point force. 
A Pile-Raft Foundation Subjected to Both Active and Passive Loads in Layered Soil.
A finite-element analysis and an APPR analysis were carried out to estimate the responses of the pile-raft foundation that was subjected to both active and passive loads, as shown in Figure 8 . In the FEM analysis, the active load on the pile-raft foundation was force controlled, and the passive load was deformation controlled, which also controls the ground-loss ratio. The mesh of the FEM result is shown in Figure 11 . Here the parameters of the soil, pileraft foundation, and tunnel are the same as those mentioned in Section 4.3. A comparison of the results from the FEM and APPR analyses is shown in Figure 12 . It is seen that it is suitable to use APPR to calculate the coupled responses of a pile-raft foundation subjected to both multidirectional active and passive loads in layered soil.
Parametric Study
After careful verification, APPR was used to calculate the responses of a pile-raft under both active and passive loads to study the influence of tunnelling on a pile-raft when different working loads act upon the raft. As shown in Figure 8 The raft was subjected to a vertical load, a horizontal load, and a moment separately. Here, the vertical load was set at 0 kN, 2500 kN, 5000 kN, and 7500 kN, the horizontal load was set at −7500 kN, −5000 kN, −2500 kN, 2500 kN, 5000 kN, and 7500 kN, and the moment was set at −7500 kN⋅m, −5000 kN⋅m, −2500 kN⋅m, 2500 kN⋅m, 5000 kN⋅m, and 7500 kN⋅m. The results are shown in Figures  13, 14 , and 15. It can be seen from Figure 13 that, without considering the − Δ effect of a single pile, the horizontal deformation and moment along the piles were controlled by tunnelling when there was only a vertical load acting on the raft. However, the vertical deformations of the piles increased with an increase of the vertical load. When the active vertical load was small, the maximum axial force along the pile was controlled by tunnelling, while the active vertical load was large when the maximum axial force was controlled by the active vertical load. Tunnelling had little effect on the axial force, which can be obviously obtained from the responses of the back pile when the vertical load is 7500 kN. This means that tunnelling imparted no additional axial force on the piles when the active vertical load reached the ultimate value, which is consistent with the conclusion of [20] . No work has yet been published that studies the responses of a pile-raft foundation induced by tunnelling when the raft is under a horizontal load and moment. It can be obtained from Figures 14 and 15 that the horizontal deformations of the piles, which were below a depth of 15 m, were controlled by the tunnelling when the raft was subjected to a moment, while the horizontal deformations of the piles were controlled by both the horizontal load and tunnelling when the raft was subjected to a horizontal load. The moments of the piles, which were below a depth of 15 m, were controlled by the tunnelling for both the cases in which the raft was subjected to a moment and a horizontal load. When the values of the moment and the horizontal load were the same, the axial force induced by tunnelling was more obvious for the pile-raft foundation that was subjected to a horizontal load than when subjected to a moment. Moreover, when the active loads on the pile-raft foundation increased, the influence of tunnelling became less significant, which agrees with the conclusion obtained from the calculation when the raft was subjected to only a vertical load. It can also be concluded that the influence of tunnelling on pile responses is more obvious when the pileraft foundation was subjected to a moment than when it was subjected to a horizontal load.
In order to evaluate the influence of tunnelling on pileraft foundations under different loads, the following influence factors were defined:
where is the horizontal deformation of the raft induced by tunnelling;
is the horizontal deformation of the raft induced by both tunnelling and an active load; is the rotation of the raft induced by tunnelling; is the rotation of the raft induced by both tunnelling and an active load; AF max is the maximum axial force along the piles induced by tunnelling; AF max is the maximum axial force along the piles induced by both tunnelling and an active load; max is the maximum moment along the piles induced by tunnelling; max is the maximum moment along the piles induced by both tunnelling and an active load. The larger the influence factor is, the more necessary it is to consider the influence of tunnelling.
As shown in Figure 16 , the rotation and horizontal deformation of the raft were only induced by tunnelling when there was only vertical load acting on the raft, while the axial force was significantly influenced by a vertical load. For a pileraft foundation that was subjected to a horizontal load or a moment, the influence factors decreased when the absolute value of the horizontal load or moment increased. When the load was close to 0, the influence factor was large. The same conclusion can be obtained from Figures 17 and 18 . In the cases studied herein, the influence factors decreased with an increase of the absolute value of the loads, when the absolute values of the loads were larger than 5000.
Conclusions
Based on asymmetric solutions for layered-elastic half spacing, a modified two-stage method was proposed in this paper to evaluate the coupled responses of multidirectionally loaded pile-raft foundation subjected to tunnelling. Through comparisons with published results from centrifuge tests, Mathematical Problems in Engineering finite-element methods, and other analytical procedures, an APPR program based on our modified two-stage method was proved to be a reasonable method for evaluating the responses of a multidirectionally loaded pile-raft foundation induced by tunnelling. A study of the influence factor showed that the smaller the absolute values of the loads became, the more necessary it was to consider the influence of tunnelling on loaded pile-raft foundations regardless of the direction of the active load.
